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Introduction, 


Since the disaster in 1940 with the Tacoma Narrow's Bridge, the 
investigation of the aerodynamic stability of suspension bridges has been in 
the centre of interest for bridge builders and scientists, and the scope of numer- 
ous treatises, The disaster of the Tacoma Narrow's Bridge was not the only 
example of trouble with the suspension bridges, and the result of the work done 
since 1940 demonstrates clearly that numerous bridges are not aerodynamic 
stable for all wind conditions. However, the bridges demonstrate that a 
soundly constructed suspension bridge will stand severe oscillations for a 
considerable time without any serious trouble, and there is numerous examples 


of minor oscillations being entirely harmless to the bridge. 


For new bridges there is no reason for allowing any severe oscil- 
lations, For the trafficants all oscillations will be unpleasant and give a feeling 
of insecurity. However, if we demand that the bridge in very heavy storms, 
which will occure only with intervals of years, shall be safe against any damages 
and for a usual storm only exhibit small and unharmful oscillations, this should 


be sufficient for all public use of a bridge. 


It is very important to find easy and quick methods which can give 
critical wind velocities and oscillation amplitudes with a sufficient accuracy. 
This is especially of importance in the early stages of planning and design of 
the bigger suspension bridges and will give information about alternatives 


which are worth a more complete investigati vn. 


When planning a greater suspension bridge it will be natural to take 
a control of the preliminary investigations by testing a model in a windtunnel. 
However, when designing middle or small span suspension ‘ridges the pre- 
liminary investigations should be sufficiently accurate and a testing of models 


superfluous, 


The scope of this paper is to give a tool for such a preliminary 


investigation of the aerodynamic stability. 


The author believes that for most bridges the results obtained will 


be sufficiently accurate to make investigations with a model unnecessary. 


Another and very important result of a quick preliminary investigation 
of the aerodynamic stability will be that it is readily seen how and where the 
structure may be improved, and thus making it possible to produce better and 


safer bridges without any great increase in cost. 
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The usual model will be a cross-sectional model, see f.inst. fig. 22 
and 23, A better model would be a model of the complete bridge. However, 
complete models cost too much and working with them takes considerable 
time. 


The main cause of errors with the wind tunnel test is the wind itself. 
The natural wind will be turbulent and changing in velocity and direction, It 
seems to be impossible to produce such a wind in a wind tunnel. The only 
model giving correct results is the bridge itself. However, all the investi- 
gations on models and bridges done in the years after 1940 clearly demonstrate 
that there is a correlation between the behaviour of bridge and model. There 
is never reported trouble with a bridge which gives good model tests, and 
for several bridges there has been a possibility to compare the oscillations 
in bridge and model in detail. The model will not give a complete and in all 
correct picture of how the bridge behaves, but it gives a sufficiently good 
picture for a predicting of how the bridge will stand the wind and what will 

be the critical wind velocity. 


The paper gives in the first part a deduction of fundamental equtations 
and a deduction of natural frequencies, including effects as inclination of 


hangers and other secondary effects. The inclination of hangers may for 


some bridges be of great importance and gives a marked effect on the frequen- 


cy, see f.inst. fig. 5. 


The frequencies are calculated for bridges with 1, 2 or 3 spans, and 
for vertical or torsional oscillations. Effects of lateral wind forces and 
various simplifications are briefly investigated, and a short introduction in 
model theory is given in Chapt. 6, 


The test results and diagrams are given in Chapt. 7. They repre- 
sent the results of numerous tests done by the civil engineers Bernt 
Skjeggestad, Bjgrn Vik, Olav Mo, Qivind Iveland and T. C. Haug during the 
years 1954 - 58. The author wishes to express his gratitude for their 
assistances. 


The use of the test results is simplified by using the flutter velocity, 
Chapt. 7.2 as a reference value for coupled and torsional oscillations. The 
flutter velocity Vp may be found from the diagram, Fig. 25 or still simpler 
by an empirical formula (7.1). The critical wind velocities for the actual 


bridge are found by multiplying the flutter velocity V,, with coefficients given 


F 


Bs 


in diagrams Fig. 30 - 38 for coupled oscillations. For pure vertical oscillations 


a similar method is used, see diagrams Fig. 42 - 44. 


In Chapt. 7.3 and 7.4 is given a definition of various types of oscil- 
lations and the comparing critical wind velocities. 


It is the hope of the author that the sceptisism against suspension 
bridges, a result of the Tacoma Bridge disaster, in time will be conquered, 
To-day numerous papers giving the theory and results of investigations on the 
aerodynamic stability exist. 


When the Tacoma Bridge disaster occured, the knowledge of these 
problems among bridge designers was almost zero, The lessons of the many 


disasters in the last century had been forgotten, 


To-day the investigation of aerodynamic stability should be a self- 
evident part of the design of any suspension bridges. In the opinion of the 
author a sufficiently accurate value of the critical wind velocity for most 


bridges may be found with use of the diagrams presented here. 


A great part of the tests referred to in this paper was done on behalf 
of the Norwegian Administration of Public Roads and the Printing of the paper 
is made possible by the assistance of Norges Teknisk-Naturvitenskapelige 
ForskningsrAd, I wish to express my gratitude for their help and financial 


assistance. 


Trondheim, 1/9 - 1960 


Arne Selberg 
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Notations, 


The notations are usually defined when they are first introduced, A 
survey of the notations and where they are introduced is given below, 


Axial force in stiffening truss, Chapt. l. Fig. 2. 
Cross-section of cable. Chapt. 1.1. Fig. 1 - 2. 
Area of upper and lower chord of stiffening 

truss, Chapt. 3.2, Figs. 15, 17, 19. 


Areas of diagonals, verticals and cross beams in truss 
systems, Chapt. 3.2. Fig. 17. 


Shortening. Chapt. 1.2. Eq. (1.14) 
Shortening. Chapt. 1.2. Eq. (1.14) 
Warping modulus. Chapt. 3. Eq. (3.1, 3.20) 
Shortening. Chapt. 2.3. Eq. (2.36) 

2.2.2. Eq. (2.31) 

2.2.1. Eq. (2.25) 
Modulus of elasticity for stiffening truss. 
Modulus of eleasticity for cable. 
Functions. Chapt. 1.1. Eq. (1.1 -1.8) 
Shear modulus. 
Horizontal component of cable force. Fig. 2. 
H. sec@,,,. Chapt. 2. Eq. (7b). 
Horizontal component due to dead load. Fig. 2. 
Horizontal component due to live load or mass forces 
Effect of hanger inclination. Chapt. 1.2. Eq. (1.13) 
Stiffening truss modulus of inertia. Fig. 1 - 2. 
Modulus of torsion. Eq. (3.1 ; 3.20) 


Coefficients concerning effect of hanger inclination. 


Eq. (1. 14) 


Function of cable length. Eq. (2. 8) 
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Bending moment 


Total mass of cable within a span, Chapt. 1.2. Fig. 6. 


mg" Ll mass of suspended structures within a span. 
Chapt. 2.2.1. Eq. (2. 5a) 


Mass, Chapt. 2.2.2. Eq. (2. 23) 
Seam Chapt. 3.1. Eq. (3. 3) 

Axial Force. Chapt. 3.2. Fig. 16. 
Frequency = =~ Chapt. 6.1. Eq. (6.2) 
Hanger force pr. unit length, Chapt, 1.1. Eq. (1.1) 
Spring constants, Chapt. 6.3. Fig. 23. 
Time for one cycle. Chapt. 2. Eq. (2.1) 
as index means torsion 

Shear force 

Coefficients. Chapt. 2. Eq. (2.9) 
Amplitude, Chapt. 7. Eq. (7.7) 
Acceleration, Chapt. 6. Eq. (6.1) 
Distance between trusses. Fig. 14, 15 and 17. 
Bridge width. Chapt. 7. Fig. 24. 
Bridge depth. Chapt. 7. Fig. 24. 

Cable sag. Figs. 1- 9. 

Hanger length. Fig. 1 ; 2. 

Span length, Fig. | ; 9%. 

Mass pr. unit length and pr. cable. 

Mass pr. unit length of cable. 

Mass pr. unit length of girder etc. 

used as index for model. Chapt. 6. 

index giving number in series. 


Time, as index function of time. 
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¥2i v3 Wind velocity. 
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Critical wind velocity. 


Angel of wind attack. 
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as index means vertical 
Abscissae 
Ordinate. 
Shortening. Chapt. 2.1. 


Chapt. 3.1. 


Shortening. Chapt. 2.1. 


" Chapt. 3. 1. 


Longitudinal movement of truss. 


Chapt. 7. 


Chapt. 7, 


Chapt. 7. 


Eq. (2. 14) 


Eq. (3. 8) 


Eq. (3. 8) 


Decrement. Structural damping. 


Shortening. Chapt. 2.1. 


" Chapt. 3. 2. 


Eq. (2. 12) 
Eq. (3.15) 


Eq. 7.2. 
Flutter velocity. Chapt. 7. Eq. 7.1. 


Figs. 26-38. 
Eq. (2. 14) 


Fig. 2. 


Vertical deflection of cable and truss. Fig. 2. 


Eq. (2.31) 


Shortening. Chapt. 2, 2. 2. 


Symbol for shear resistance. 


Shortening. Chapt. 2.1. 


Shortening for mass relations. 


Eq. (3. 8) 


Chapt. 
Eq. (2. 14) 


3.2. Eq. (3.10) and (3. 22) 


Eq. (2.14); (2.26); (2.33) 


Eq. (3. 8) 


Eq. (2.31) 


Eq. (3. 8) 


Preform of stiffening truss. Fig. 1. 


Preform of stiffening truss atx* }7. 


Mass radius of gyration. 


Chapt. 7. 


Chapt. 7. Fig. 25. 


Eq. (7.1), Fig. 25. 
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Longitudinal movement of cable. Fig. 2. 
Longitudinal movement of cable saddle. 


Cable slope for dead load. Fig. 2. 


Angle of torsion. Chapt. 3.1. Chapt. 7. 


Cable slope in deflected bridge. Fig. 2. 


Eq. 


3. 


(2. 22) 
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1, BASIC EQUATIONS FOR VERTICAL OSCILLATIONS, 
l,l, Deduction of differential «equations, 


In order to simplify the mathematical treatment of the oscillating system, 
the following assumptions are made: 


1. Axial deformations of towers and suspenders may be neglected, 


2. The distance between the suspenders is small compared to the span 
width 1, and the suspenders may be replaced by a membrane without 
resistance to shear. 


3. For dead load only the cable curve is a parabola, 


4. The stiffness IE of the stiffening girder or truss is constant within the 
span lengtht. The spacing of the stiffening truss is small compared to 
the span length 1. 


5. The curve of the stiffening truss is small compared to the cable curve. 


See Fig. 1. : 
cAc f 
h 


Fig. 1. Bridge with one suspended span. 


6. There is no live load or traffic load on the oscillating bridge. 


This assumptions are except for the last one the same as usual in the static 
investigation of suspension bridges. For the lower frequensies, which are 
of interest, the assumptions are fully justified. 


If we consider an element dx of the oscillating bridge, Fig.‘s 1 and 2, the 
cable element will have the vertical forces 


where S(x, t) is the hanger force, w,(x) the weight and m,(x) the mass of the 
cable - all pr. unit length. H, is the horizontal component of the cable force. 
Fi (x, t) is a function which stands for eventual wind forces and aerodynamic 
and structural damping. 


1 
- 
Z 


Vv 
Fig. 2. Element in original and deflected position. 


The horizontal forces will be: 


+ 


Where F,(x, t) is a function similar to F(x, t). 


The hanger inclination is given by 


see Fig. 2, Usually we have ~1. 


For an element of the suspended structure we get similarly: 
Vertical forces: 


YZ, a3 
Horizontal forces: 


where A is the horizontal component of axial force in the stiffening girder and 
V, is the shear force. 


Equations (1) and(3) reduce to 


: 
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Shear and moment are connected by: 
My dx a 
Deflection, moment and shear are connected by 
ax® JE 
The last term may usually be neglected, It is of importance only for the 
higher modes and is investigated in Chapt 5.1. 


Introducing 2% and writing 
x 
gx ; we get 
where 


2/4 
ton) = pr tan 
fan p= D1 


The horizontal component of cable force will be 


x 


H,, being the horizontal component of cable force for dead load only. 


for pr stiffening girder 


4 ino fel 
Chiisddienniy Eq. (6) will be written 


3 
- 
| 
| 
. 


In Eq. (7) is used the simplification 

See Eq. (10a). 

In the same manner Eq's (2); (4) result in 

And similarly Eq's (1); (2) 

To obtain an equation between Y and f we use the deformations of a cable 


element. 


In the undeformed state we have 
= 
and similarly in the deflected state 


(dll. *= (aly rday)® 


The terms 4cZ* and 2¢* will be small of higher order, consequently 


2 
The elongation 4@Z of the cable element will be 


adl= secy - A= dx secp 
Me be de 


and 


Simplified to the dominating term 


The longitudinal displacement of a cable is 


2 


-4- 
| 


o Bie 


Integrating from an anchorage C toa point B, Integrating between the 
anchorages we have 


2 
Qo 


c’ 


The equation will be: 


Z z 
Si ” 2 


As E.A, will be great compared to H,, the second term may be neglected, 
giving an error of the magnitude | 0/00 to 3 o/oo for various bridges [0]. 
the term 


‘Ky 


hah ed the simplification an error of the same magnitude, We get 


Fhe erm, usually of importance [}0], may be neglected, 


+ Oe (12) is iene for the variable cable tension H,;, identical with the 
usual cable equation. The effect of neglecting the last term in Eq.(lla) is 
discussed in Chapt. 5. 2. 
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12. Effect of hanger inclination, 


Fig. 3. Inclination of hangers and longitudinal movement. 


The deflections in a span, Fig. 3., result in a variable cable force, see Fig. 4. 


Fig. 4. Variation of cable force due to the hanger inclination. 


With small deflections we usually have cos p * 1, anda calculation with eos 
cos # =1 will be sufficiently correct. Fig. 5 demonstrates the correctness 
of this assumption, The agreement between calculated and observed time for 
an oscillation in 2 half waves is extremely good for all normal proportions 


With increasing oscillations we have cos# < 1, however, the effect is small 
as easily is demonstrated on a model, in fact it is difficult to observe the 


slight increase in frequency following increasing amplitudes. 


The actual variation of H will in this paper be replaced by the simplified 
variation shown in Fig. 4. DJ . 


From Equation (2) we have 


@ 

4 

| \ \\ | 

— 

variation of H, 

—- —-—Hs- constant. 

% 

= 

4 


HF 


introducing S(x, t) is the hanger force. 


Situation a. Situation b. 


Tasec. TH 


© Measured values 
Colculated 


the hanger inclination 


002 —» 4(%)/2 006 


Fig. 5. Experimental verification of the effect of hanger inclination. 
Calculated and measured time for one cyclus. 


The distribution of cable masses m, (x) are replaced by a simplified system, 
see Fig. 6. 


Mc (0) M(t) 


Fig. 6. Simplified distribution of cable masses. Longitudinal movement. 
Where 
; Mlb) = ond 


S 
y 
UF 
= 
i, 
) 
} 4 


M, is the total mass of cable within the span Re 


The variation in cable force is replaced by the steps in Fig.'s 4; 7. Where 


(13) 


J 
z= Hs Hs- aH 


Fig. 7. Exact and simplified variation of cable 1 ~ce. 


As the effects of hanger inclination and of the masses in the cables are 
small, usually they result in less than 10% change in frequencies, the intro- 
duction of the simplified variation of cable forces always will be sufficiently 
accurate, reducing the errors to less than 2%. 


Fig. 8 gives the variation of € for various types of oscillations. In the 
integral 


the values where h(x) is small will be of dominating importance, and it is 


readily seen that oscillation type a) is the only one giving f values worth a 
further investigation. 


Introducing for this type of oscillation, fi as a parabola of second order, we 
get 


2 
x 
es 
. 


(a) 


(6) 


(Cc) 


Fig. 8. Intercourse between vertical and longitudinal movement. 


where 


Alo)-Alte) / 
= 
BP 


h(o) and ne) are the length of hangers at towers and midspan respectively. 
The expression for effect of hanger inclination as given above, is a very 
accurate one. This may be confirmed by comparison with the results of a 


numerical integration or with the results of systematic tests, see Fig. 5. 
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2. NATURAL FREQUENCIES IN VERTICAL OSCILLATIONS. 


In the following we investigate the oscillation of a bridge with Zero aero- 


dynamic and structural damping, and without any impulse from wind etc. 


The functions F(x, t) in equations (1) - (9) will consequently all be Zero, 


The oscillation of such a bridge is assumed to be harmonic and represented 
by 19 
where 7 is the deflection at t <<. 
The longitudinal movement of cables and bridge will be 
respectively. 

2.1. Single span bridge, Fig. (1). 


Introducing the expressions (1) ; (2) in Eq. 's (1. 13) and (1.14) we get 


= La sin wt sin wt (3) 


The terms containing (0) and f(Z) being of no importance ina one span 
bridge. 

The horizontal forces acting on the stiffening girder are given in Eq. (1.4), 
where cos@ © 1, F(x, t)= 0, Further on we have that the term 

always may be neglected as small. 

With an effect of hanger inclination as demonstrated in Fig. 's (4) and (7) we 
get: 

and 


4p = Asiawt = x + ; (osxs$) 


(4) 


4H is given in Eq. (3). 


° 

. 


If the bridge can move on the bearings at both ends we have A(o) = -A(Z) 0, 


as we investigate an oscillation without any frictional damping. 


The other possibility is that the stiffening truss is hindered in longitudinal 
movement at one end f. inst. A(o) 2 0, A(l) = 0, and #“= o. 


With no hindering we get 


and with hindering of the movement (ds o) we have 
4a) * 2a - 20 


Ap) = 24, § 
The A forces will be: 


4y2 Asin wt - w*f sinwt 


A Asinwt - 3/4 §($))(/-4) sinwt ; 


and 
=A $M, $))sia wt 


4, =Asinwh =O 


for the two types respectively. 


(5a) 


(5b) 


(6a) 


(6b) 


As the bridges with some longitudinal movement are the most common, the 


deductions further on will be given for this type, and only the end results will 


be given for both types. 


Equation (1. 7) may be written 


JE (typ taly) y+ & (2ah,- 3/4 wf, 


and 


Equations (11) and (12) give 


<x<Zf 


$sxsl 


(7) 


5 
oxxs$ 
Z 
—_ 
) 

; 
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c’ 


or 


(8) 


where = [sec pax 
If the side cables are nonsymetric it will be an insignificant error in the last 


equation. 


The deflection is introduced as 
Wy = and y* 2g, (9) 


Further we have 


f= 
and 


4, =Asinwt 


In Equation (7) we introduce the approximation 2. ‘sec’ 
x 
where Y,, is the mean value of the cable slope. 


Consequently we write: Ly sec*g) sec = 


Z 

4 
eve 

| 


Equation (7) may be written 
sin wt) fiveg sinwt))- worth) 199 = O 


Ox<x 
and (7a) 


isx<7 


Introducing the approximation for sec’ and integrating the equations from 
o-T we obtain 


osx 


and 


4 


In Eq. (7b) we introduce 7, . Multiply each term with 
Siar ® $ and integrate over the span length o- 2. This gives 


(10) 


where y= — Eden 


/ 
H, and4H are with use of Eq. (8), (9) 


| 
} 
= 
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The longitudinal movement liga is given by the expression (3), and Das is 
given by (5a) for a bridge with a longitudinal moving of the roadway. 


The equations give 


4H = (11) 


This expression introduced in (9a) give 


2 
aH (-1)*) ( 
where 


Es 
4 
20) 
and being functions of 


ff the longitudinal movement of the bridge deck is hindered, we introduce 
Wig l= in the formulae (11) and (12). 


Introducing H,, 4H and £4, Eq. 's (11) and (12)in Eq. (10) 


where 


2,3 


> (14) 


X= 


/ 
j 


If the longitudinal movement of roadway is hindered by the bearings in one 
end of the bridge, willbe / the other expres- 
sions will be unchanged. Mw 


In studying Eq. (13) we divide the oscillations in symmetric- and antimetric- 
oscillations. 


2 / 
righ w 
772. 


2.1.1. Symmetric oscillations. 


Introducing this in Eq, (13) we get 


cer” a, - 42 = 0 


772 
fal, 3,5 
2 15 
{a *- a- (15) 
It is easily seen that by expressing the terms a, in the series 
by Ge Ge (15a) 


Equation (15) may be written 


Z 
07 - “74-477 } 
or 


4 


Solutions a 2 0 mean that the denominator determinant in Eq. (15) must be 
Zero. 


2.1.2. Antimetric oscillations. 


Oscillations with 4-8-12-l6 bali waves, e.g. n*4-8-12-. 
Equation (13) is reduced to 


a <0 

or 

We rhurtrg fs (6), (70), (17) 
The oscillation is represented by a single sine wave, 

Y= Sin 5 

Oscillations with 2, 6, 10,.. . half waves. 


Introducing n= 2, 6, 10, .... and r=2, 6...., in Equation (13) gives: 


Introducing as before = we get 


aC (18) 


were 
. 
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Where’, and are functions of see Eq. (13). 


However this will not give any special trouble by the solution. Usually the 
most convenient will be to calculate the left and right hand side of Eq. (18) 

for distinct values of @, and then find the points of intersection in a diagram. 
Important is however that Eq. (18) gives 2 different types of oscillation in 2 
half waves, see Fig. 5. The two types are easy to demostrate on a model or 

a small bridge. As will be seen from Fig. 5, the results obtained by Eq. (18) 
are very good. If the longitudinal movement of the stiffening truss is hindered, 
there will be only one type of oscillation, however, the effect of the hanger 
inclination will still be important. 


The effect of a vertical curvature of the stiffening truss will be small for all 
normal bridges as Se will be small. 


If the suspender at midspan is Zero, nchy #0, the formulae will still be valid, 
Eq. (1,14) give =o? ; ; a which must be introduced in 

Eq. (9) - (18). Equation (18) give two 2 values of @>, however, one will be 
without practical interest, see Fig. 5. 


The value of @ for 6 or 10 half waves obtained from Eq. (18) will be almost 
identical to the value given by Eq. (17), and there is no reason for using Eq. (18) 


for those frequencies. In calculating @ 2 from Eq. (18) it will usually be 
sufficient to use one or two terms. 


2.2. Oscillations in a symmetrica. chree span 
suspension bridge. 


This type of bridges, see Fig. 9, are frequently built, and are of special 
interest to the designer. 


The inclination of the hangers are of importance only in the main span, as the 
longitudinal movements in the side spans are small in the end where the 
hangers are short. Further, we suppose that the bearings at the towers don't 
hinder any longitudinal movement of the main span truss. 
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The oscillations are given by 


Ve Si wh Wg * 2 sin > (19) 
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4H 
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Fig. 10. Simplified variation of cable force. 


The cable force will vary as indicated in Fig. 10. For symmietric and 


antimetric oscillations the variation is given in Fig. 11 and 12 respectively. 


For each separate span we have an equation analogous to Eq. (10) and (13). 


As may readily be seen from Eq. (20) all oscillations which give H,* 0 and 


4H®*o will be independent for each span. The frequencies are given by 


| 
2 ‘ 
a =w 
Ir 
| 


16. 


All other types of oscillations will be coupled, For oscillations with 6; 10;... 
half waves in the main span the coupling will be small and Eq. (21) will be 
sufficiently correct, 


2.2.1. Symmetrical oscillations, See Fig. 11. 
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Fig. 11. Symmetric oscillation of a three span 
suspension bridge. 
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In span | we have 


and for span 2: (22) 


where z 
Ls, « [sec [asc at 
7 


Between H,); H,2 and fp we have the following relation, The oscillating 
tower system is replaced by a spring Sp and a consentrated mass Mp giving 
the same resistance against any static deflection of tower and having the 
same circular frequency @p as the tower. 

z 
(23) 
Sp and Wp are values given by the tower construction. When calculating Op 


we have to remember that the cable masses «© $Mc) and ~ #Mc2 follow 
the tower. 
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We have 


(Hs, * So fo fo 


Introducing fp in Eq. (22) we get 
(25) 


where 

he 

and 


4, ? 
o / 


Introducing Hg); Hg2 in Eq. (20) we obtain 


442 
. 
(26) 
Le EE 4c Ae 


A direct solution if Eq. (26) like Eq. (16) does not exist. However, as we 
usually only need a few terms in the series 


: 
+ 


to get a good result, the solving of Eq. (26) gives no difficulties. In fact it 
will usually be sufficient with | or 2 terms in the series for 7 , and 2 or 3 
terms in the series for the main span. To get solutions 2 0; % 20 
we have that the denominator determinant |D/ m0, which gives an equation for 
finding. With & known, the relations between a); ; @2) etc. are 
readily found from Eq. (26). 


Neglecting the stiffness and masses at the towers e.g. introducing 
Sp- *o, a direct solution may be found. 
Introducing FW) and 


cA 
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into Eq. (26) gives 


/ / 2 / 
— 
435° 43,5, 


Usually it will be sufficient to handle just a few terms in the series. 

If F@) $0; Eq.(27) may be used for finding a first approximate solution 
of Eq. (26), usually the difference between results obtained from Eq. (26) and 
(27) will be small. 


Generally we may write 


haw ¢ / 


for a m span bridge with FW)=o at all towers. However, true symmetrical 
oscillations are only possible if the bridge is symmetrical. 


2.2.2. Antimetric oscillations. See Fig. 12. 


The oscillation is given by = sia wr where 


x 


(27) 
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Fig. 12. Antimetric oscillation of a three span 
suspension bridge. 


The cable force will be given by the Equations 
Meg 


(8) 
Nor 44, = 


aH £82. Viz 

EA” 7% 2§(2)- (8) 


The movement of the towers are given by 


“4-37 
§p=- (4-44) (29) 


By elimination we get 


> (30) 
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where D,, and are functions of @ 


Z 
> (31) 


If the hangers are very ane at the middle of the main span e. g. 


If the hanger h(-H) increases and 4+ have the limit 


cay Y | Je will be near the values at the first limit 


Neglecting 3 and introducing H,); and 4H in Eq, (20) results in: 


/ 
4.4. 

(32) 
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A, — 47 {w*-,77 ~,77} 
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and 


(33) 


Equation (32) have a solution for all values of w which gives the Denominator 
Ds0, 


It will only seldom be of any interest to use more exact equations where the 
true value of a is used, 
2 


2.3. Oscillations in a two span suspension bridge. 


Sometimes a bridge of this type will be built, The inclination of the hangers 
will be of importance only in the main span. We further assume that the 


longitudinal movement of the main span truss will not be hindered, 


The oscillations are given by 

x 
(34) 
The cable force will vary as indicated in Fig. 13. 


For span | and 2 respectively we have the Equations (20a) and (20b). 


An oscillation giving H, * 0; 4H=*0 is independent for the two spans and will 

be as given in Eq. (21), All other oscillations will be coupled. For oscillations 
with 6, 10, half waves dominating in the main span the coupling effect will be 
negligible and Eq. (21) may be used. 


Of technical interest will be when | wave dominate in span 1, and 1; 2 or 3 
dominate in span 2, Usually there is no reason for using more than one 
term a), in the series for@,; the terms 42), 422 when investigating one or 


two half waves in the main span and ap), a2 and a73 when eventually investi- 
gating oscillations with 3 half waves. See Fig. 13. 


The cable forces, and movement of tower, cable and truss are given by the 
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Fig. 13, Oscillation of two span suspension bridge, 


(8) 


By elimination we get all the necessary data. 


~aH) (29) 


Neglectin we get the following 3 equations: 
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Ly (pu) 


Lsz: 
256, 
Where A and % are the same as given before, f. inst. in Eq. (33), WD and 4 
are given by Eq. (31) and D is given by 


(ga Ls, Ls2 Z Z Ls 
For the coefficients a) ,; a>, are introduced 


a, 4 
Qn 1 72#45,5; 
7 


as 


The value of @ * which gives the denominator determinant of the Eq. 's (35) 


te 


identical to Zero represents the solutions of equation (35) where oscillations 


can exsist, 


For special cases f. inst. n(dy —poo ; F(@)—» 0 the equations (35) simplify 
to equations as given before, e.g. Eq. (16); (18) and (28). 


Equations for oscillations im a 3 span bridge with different side spans may be 
deduced in the same manner. However, by substituting a mean value for the 


side spans a sufficiently correct solution will always be found, 
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-3, NATURAL FREQUENCIES IN TORSIONAL OSCILLATIONS, 


3.1. Deduction of Equations, 


This type of oscillations may be investigated in the same manner as for 


vertical oscillations. 


When oscillating in a free torsional oscillation the bridge will have a fixed 


axis of rotation, and we pressume that the angle of oscillation is small, 


The torsion of an element is governed by the equation 
3 
EG ly -F £4 


ic In is the sum of torsional stiffness of the bridge section and LE Cy is 
the sum of warping resistance of the section, Formulae for I, and Cy, is 
given in chapt,. 3. 2. 


P, is the angle of rotation. As we assume this angle to be small we introduce 


The mass of the bridge section and the weight of the section will resist the 
torsion with a moment 


M = 2S(h-%) (2) 


where m is the mass, r the distance from centre of rotation, S is the hanger 
force per linear length and per cable. hy is the vertical distance between the 
fixing of hangers on the bridge section and the centre of rotation, and h,, is the 


distance between centre of gravity and centre of rotation. See also Fig. 14. 


Fig. 14. Cross section of bridge. 


We 
= 
(3) 


and replace the angle of rotation P with the vertical movement of the cables. 
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% bc (4) 
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Equation (1. 7) given for vertical oscillations will now read 


(5) 
All previously deduced equations for H, A and g will be valid. oso, as we 


easily may see this is the only possible value of & with pure torsional oscil- 
lations. 


Equations (1, 7) and (3,5) being of the same form conclude in an investigation 
along the same line. 

Introducing 

we may use all in chapter (2) derived formulae for calculating the natural 


torsional frequencies. 


In the formulaes we replace 


except where we have tower resistance where Ww is replaced by a,” 
Consequently we introduce: 
a= (2.14) (8a) 
te Ls Ot" 
A Ap " (Be) 
E= D 
4 *7 Be 
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Further we replace 


With all this substitutions the formulae given in (2.1), (2.2), and (2. 3) may 
be used directly. 
3,2. Torsional stiffness and warping. 


In this paper will be given an elementary deduction of the torsional stiffness 


and the warping resistance, 


The cross-section consists of the chords A, ; A, and lattice systems between 
the chords as indicated in Fig. 15. 


Fig. 15. Forces due to torsion, 


The centre of rotation has a distance e from the upper lattice system. In 


Fig. 16 are shown the shear forces and axial forces in the system. 


Fig. 16. Shear forces and axial forces due 
to torsion. 

The deflection of a girder due to the shear deformation of the lattice system 
is given by: 

*Ge (10) 
The total deformation 4 of a girder is separated in a part 7), due to the 
moment and a part 7%, due to the shear. 
A torsional moment M7 is acting on the section and produce shear forces in 


the trusses. 


We have and My = (11) 
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Further, with small deformations the axial force in the chords will be 
N) N, = N, 


The deflection is given by the angle of rotation ¥ and the rotation centre. The 
curvature of the girders will be: 


Vertical rders: 


SP? ‘ong (11a) 


Upper horizontal girder: 


- (11b) 


Lower horizontal 


tee 
Introducing 
+3) 


The equations (11) yield 


(13) 


The axial force is given by the shear forces 


dN + dx 
5 
or 
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(14) 


We now have a sufficient number of equations to express Vy: Vn and N by P , 
Introducing the notations 


we get 
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Replacing v; ; vy by the double derivatives of Eq. (17) we get 


(17) 


2y2,/ ($) 
Neglection of terms of higher derivatives than 3 is identical to the usual 


neglection of shear deformation of beams, Consequently 


EX($be,-d§) 
Uz - 


Introduction of this result in Eq. (11) yields: 


(18) 


Gly -ECy (19) 
where 

5 (20) 


2 
2,27/ 
Ce =X ab ($ 23 +A» F / 
Introducing in Eq. (11b) the expressions for N and V};, from Eq. 's (16) and (17) 
we get the distance to the rotation centre: 
4, 65 whe 

e = 

A, *Ae Ae, 
The deduction given above holds evenif 0, or @, are Zero, %* 0 gives 
e=neg. e.g. the rotation centre will be above the lateral stiffening. As the 
aerodynamic stability is much increased by the introduction of a lower lateral 


system, e.g. 0, > 0, the normal situation will be 4 2e 2 0. 


For various lattice systems Fig. 17 the shear resistance is given by the 


formulas: 


oct 4A 
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Fig. 17. Common lattice systems, 
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An optimum effect will arise when the angle OC is within the limits 40 - 55°, 
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Fig. 18. Cross section of bridge. 


With a cross-section as given in Fig. 18 the formulas (19) - (21) are still valid 


if we introduce: 


(23a) 
Aah t 
The shear resistance will be given by 
W 
u u 
A cu A, 


Fig. 19. Cross section of bridge. 


A section as given in Fig. 19 will have 
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Torsional stiffness is given in Eq. 's (19) - (20), If the chords are hollow or 
the bridge deck is of a considerable thickness these effects have to be con- 
sidered, and we get 


I, = +£2 (G, (20a) 


In small suspension bridges with a single lateral girder it will be of great 
effect to have cross beams which are of great torsional stiffness, see Fig. 20 
The total effect will then be 


4, Lon) * Ge (200) 


where Ic is the torsional stiffness of a cross beam and A the distance 


between the beams. 
| 
Fig. 20. Section of small bridge with torsional 
stiff cross beams. 
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4. EFFECT OF LATERAL STATIC WIND FORCES ON 
VERTICAL AND TORSIONAL OSCILLATIONS, 


In a suspension bridge exposed to lateral wind forces we will have stresses in 


the lateral system of the bridge. 


The calculation of suspension bridges under a lateral static wind force is well 
known in the literature [io, 14] , and will not be given here, The bending 
moment in the lateral system is called M,. The existense of M, will have an 


effect on the natural frequencies, 


In a bridge oscillating in a pure vertical oscillation My, will produce a torsional 


moment on an element dx, see Fig. 2la. 

/ 
(1) 
e.g. when we have static lateral wind moments a pure vertical oscillation 


can not exist. 


X | ox 
team, 
My + My 
My 4) 


Fig. 21. Effect of moments due to lateral wind. 


In a bridge oscillating in a pure torsional oscillation M, will produce a vertical 


moment on the element, see Fig. 21b. 
i.e. a pure torsional oscillation will not exist. 


The moments d Mr and d M, may be replaced by forces or loads in the sus- 


pender plan 


/ / 
de 2b, 2b, (3) 
and 
L 
“Mt, 2 2 ok (4 Pr) (4) 


where Pr is the angular amplitude of the torsional oscillation. 


Eq. (3) and (4) demonstrate that all oscillations will be coupled. The bridge 


will have increased hanger forces: 
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with + on re lee side and - on a windward side. 


All problems connected with the aerodynamic stability pressuppose that there 
is a lateral wind and consequently that it exists a lateral moment M,. The 


exact finding of the coupled frequencies etc. will be most complicated, 


However, our knowledge of the aerodynamic stability will be founded on wind 
tunnel tests. To have correct tests we need models mounted with correct 
natural frequencies in still air and where the frequencies change with increas- 
ing wind forces as may be deduced by the Equations (1) - (5). As will be seen 
later in chapt. 6.3. it is comparatively easy to give the model such a mounting. 


The Wy forces, Eq. (5), will usually be small compared to the weight of the 
bridge. The effect of lateral static wind forces will be small for most bridges, 
and only seldom it results in a decrease of critical wind velocity of 10%, 


compared to the results obtained by neglecting it completely. 
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5. EFFECT OF SIMPLIFICATIONS. 


5.1. Shear deformation in stiffening truss, 


In Equation (1.5) is given the relation between deflection, shear and moment. 


Introducing Sinwt= ZG, Sinn 


gives 


2 2 
M, = Msin wr = (JE <2 $100 
GF: 


and 


2 


(1) 


where py —2 
GF: 
Instead of the coefficient = £ JE we get the more correct value 
(2) 


However, R will always be small and as only lower modes of oscillations are 


of technical interest the influence of shear will be negligible. 


5.2. Cable force. 
ntroducing Sit? w =) S17 77 7 
ae lla) results in 


LA (3) 


2 
This equation demonstrates that #7, 77 sinwt is an approximation as 
does not have a variation only with sinwt. The last term in Eq. (3) is the 


effect of the term + Savrex in Equation (1. lla), and it is practically 
equivalent to the introduction of: 


(4) 


instead of H,, in our formulas. 


The difference will increase with ay. However, even for a, values which are 
impossible in a sound structure the last term in Eq. (4) will be small against 


Hw and is in consequence neglected. 


; 
; 


36< 


5.3. Cable slope 


In deduction of our equations we introduced the simplification: 
seco) "sec% (5) 


Instead of solving Eq. (2. 7b) we might as well have solved Eq. (2. 7a), The 
solution of the more correct Equation (2. 7a) may be obtained in the same 

manner as for static loads [10] . The results will differ less than 2 - 3% 

from those given in Chapt, 2. 


As this error is of the same magnitude or less than other neglected effects 
(elongation and spacing of hangers, uncertanties in J and A,E,, etc. ) it 
seems to be little reason for the use of an extremely laborious "exact" 
solution, 

5.4, Lateral movements, 


In Chapt. 3 we neglected that the torsion might give a movement and sidesway 


to the suspended system. and in turn produce a sidewise inclination of the 
hangers. 


However, for bridges with an [~~ section and only one lateral stiffening 
girder the centre of rotation may be situated so high that the lateral movement 


might give a small effect. Being of no technical importance it will be neglected 
here, 


Pure lateral oscillations of a suspension bridge will not be an actual mode of 
oscillation, However, the calculation of the natural frequencies for such an 
oscillation is comparatively easy fi 5) , but shall not be given here. 


q 
Bs 
q 
q 
q 
d 
q 
a 


« 


6. MODEL TESTS FOR SUSPENSION BRIDGES, 


6.1. Models and model dimensions, 


The most convenient testing will be with models working in air with normal 
pressure and temperature, For such a model we have the following connection 


between bridge and model dimensions 


Length, width, etc. bm * 
Time tm * tt 
Circular frequency kw 
Velocity Y 
> (1) 
Acceleration am * 
Weight per unit length 4 w 
l 
Mass per unit length Mm * — m 
Mass of gyration M 
per unit length m * n4 


The index m is used for model, n being the reduction factor in length, and 


k the reduction factor in time. 
Between the wind velocity v, width b and frequency N we have 


(2) 


presupposing that the wind flow will be turbulent and independent of Reynolds 
number, This assumption will for the most suspension bridges be well es- 
tablished, 


The energy given to a unit length of bridge or model per vertical oscillation 
will be 


4, = b)v? 

» (3a) 

2 
The damping effect etc. consume the energy 
2 2 2 2 » (3b) 


: 
d 
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The relation between introduced energy and consumed energy have to be 
the same for bridge and model; e. g. 

(4) 
Lym "Sm 

It will be an approximation on the safe side if we introduce 2, <6 


asarule: The total damping of the model shall be less or like the damping 
of the bridge. 


For a torsional oscillation we have in the same manner 


ond 


2 2 2. 


(5) 


Demanding the same relation between introduced and consumed energy we get 


(6) 


or with an approximation to the safe side 


4 


The structural damping of the model should be equal to or less than the 
structural damping of the bridge. 


The bridge damping depends on the bridge construction and is relatively 
little known. However, some values measured on bridges will be found in 
the literature [2, 5, 13). 


For the decrement 5 we may use as lower limit: 


Vertical oscillations with one node 5 = 0,07 
Vertical oscillations with 2 or more nodes $ = 0,04 


Torsional oscillations = 0,05 
It is relatively simple to get these or smaller values for the decrement in 
a model, 
6.2. Full model and sectional model. 


In tests using a full model of the bridge there will be an automatic inclusion 


of all secondary effects as the effect of lateral wind (Chapter 4) and the effect 
of all simplifications (Chapter 5). The first effect being dominant. However, 
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if the model shall not be too small a full model will be an expensive model, 
and especially any changes will be a slow process taking much time. 

However, there has been built some full models [2, 6, 7, 16]. Com- 
parisons of results obtained with full models and sectional models demonstrate 
a very good correlation and further that the sectional models give sufficiently 


accurate information. 


With models is henceforth always thought of sectional models. 


4 


Fig. 22. Models of some of the investigated bridges. 


Sectional models representing only a short length of the bridge, see Fig. 22, 


give rise to the following errors: 


a) Neglection of effect of lateral wind (Chapt. 4) 

.b) Neglection of secondary effects (Chapt. 5) 

c) Neglection of the different shape of a vertical and torsional 
oscillation. 


The errors may be improved by the following measurement: 


a) Improved mounting of the model as demonstrated in Chapt. 6. 3. 
For most bridges a sufficient accuracy is obtained without this 
refinement, 
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b) Inclusion of the secondary effects in the calculation of natural 
frequencies. 


c) This approximation is on the safe side (3, 4, 16, 17]. 
However, the effect will usually be small. 


6.3. Mounting of model. 


Fig. 23. Mounting of sectional model. 


In Fig. 23 is demonstrated a simple mounting of a model, which will have 2 
or 3 degrees of free oscillations. 


The end shields on the sectional model are necessary to depress any end 


effect on the model. The mounting of springs, etc., may be outside the wind 
stream. 


The reduction factor in length n and time k being chosen, the mass, frequency, 
etc., of the model are given from Eq. 's(1). 


The lateral springs may usually be neglected e.g. we introduce S,* 0 , and 
get a system with two degrees of freedom, vertical and torsional oscillations. 
Lateral oscillations are never observed on an actual bridge, however, as the 
calculation of lateral oscillations are comparatively easy [15] it might very 
well be included in the tests. 


The spring constant S, is calculated from the vertical frequency, and the 
spring distance 2a from the torsional frequency. The axis going through 


the centre of rotation for pure torsional oscillations. 


The spring constant S, is determined from the effect of lateral static wind, 
Chapt. 4, Eq. (4. 3) - (4. 5). 


- 40 - 
+S 
Sto: 
»* 
= 
= 
4 
cs 
0 
4 
q 
q 
3 
j 
q 
4 
7 
4 


With a known wind velocity on the bridge W , may be calculated from Eq. (4. 5) 


for a given vertical or torsiortal oscillation. 


2 


With springs mounted at distances 2a, and reduction factor in length n and 
time k given, we have for the model 


5S “m = 


2 p72 “7 resp. le (7) 


In W,,, and a have from Eq. (6) 


= 


For long slender bridges where this effect will be of special interest, the 
variation of M, along the middle part of the span will be small fio, 14] , and 
the term containing the second derivative of the oscillation becomes dominant. 


With this last simplification S) will be given by: 


with oscillations n. 1 


A sufficiently accurate mounting is possible with an arrangement as shown 
in Fig. 23. Still a better result, using the correct effect of M,, will be 
possible with use of more springs. However, there seems to be little reason 


for this improvement. 


As the wind moment My, approximately varies with the square of the wind 
velocity, the springs should be adjusted with changes in velocity. However, 
as the effect of S; proves to be small, a more rapid investigation is to make 
separate tests with S, equal to Zero and S; equal to its maximum possible 
value. We then have the necessary limits to see the effects of the lateral 


wind pressure. 


The tests with various suspension bridges carried out for the Norwegian 
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Administration of Public Roads gave as a result that the critical wind ve- 
locities are somewhat decreased by this effect. However, the decreased 
velocity will only seldom be below 90% of the results obtained by neglecting 
the effect of the lateral moment M). For preliminary investigations, see 


Chapt. 7, this simplification always seems to be justified. 


In Fig. 's 27-29 are represented the results of som tests carried out with 
springs S,*S, and S, = 4S, . As demonstrated by the tests the decrease 


in velocity are small and of minor importance for the lower values of critical 
velocity. 


It will only seldom occure that the lateral wind will have an effect which com- 
pares to tests with S, ~w 4S, , however, an interpolation between the results 


obtained with S,, = S) and S,, * 4S) should be sufficiently accurate for our 
purpose. 
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7. TEST RESULTS. 


7.1. Systematic tests with simplified models. 


During the years 1954-58 the author, on behalf of the Norwegian Adminis- 
tration of Public Roads, carried out a number of wind tunnel tests for new 


and older suspension bridges. Some of the models used are shown in Fig. 22. 


The tests demonstrated clearly that the effect of open trusses, handrails, etc., 
are small, In consequence systematic tests with simplified bridge sections 
were made, see Fig. 24. The purpose being to get information for predicting 
the critical velocity for bridges to be built in the future. 


t= 


- b/50 


b 
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Fig. 24. Cross sections used in systematic tests. 


Comparisons between tests on complete models and simplified models, where 
handrails, trusses, etc., are neglected, proved that the error by using the 
latter are within + 10%, this value being reached only for bridges with rela- 
tively compact handrails and trusses. 


Representation of the results in dimensionless diagrams have been possible 
by using the critical velocity predicted by the "Flutter" theory Vp as a 
reference value, when investigating a coupled or torsional oscillation, see 
Eq. (1), (2), and (3). When investigating vertical oscillations a similar 
reference value is used, see Eq. (4), (5). 


7,2. Coupled oscillations, Flutter velocity Vp. 


The late Dr. Friedrich Bleich introduced the Flutter-theory in the investi- 
gation of critical wind velocity for suspension bridges GB, 4, 16, 17} The 
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Flutter-theory, well known from aerodynamics fis, 19), gives the critical 

wind for a section consisting of a thin plane slab, and with the wind direction 
coinciding with the plane of the slab, This Flutter velocity Vp is readily 
calculated as demonstrated by Bleich B, 4]. However, the calculation is 
greatly simplified by representing the results in a diagram as shown in Fig. 25. 
An interpolation in the Tables given by Bleich BB. 4] will usually be too in- 
accurate, and a direct calculation will be very tedious without giving any in- 


crease in accuracy compared with the diagram. 


An approximate value of Ve is given by the following empirical formulae: 
2) 
Vp 20,44 b (1) 


The error in this formulae decreases with De: The error will for values 


0,7 be~4 per cent, and for 0,5 be~ 1,5 per cent. 


The use of Flutter velocity Ve as a reference value for the critical velocity 
Ve Ve (2) 
works very well for the various values of d/b, see Fig. 24 and Fig.'s 26-29. 
For higher values of d/b, f. inst. d/bx0,1, it might as well have been used 
for reference the critical velocity of pure torsional oscillations. With in- 
creasing values of d/b the oscillations will change from typical coupled oscil- 
lations, as the flutter oscillations, to more and more dominating torsional 
oscillations. However, the tests demonstrate that higher values of d/b should 
be avoided, Of interest is to note that increasing the d/b from 0,05 to 0,1 
usually will decrease the critical velocity, and an increase of d/b from 0,1 

to 0,2 usually will give a slight rise of critical velocity as the flutter velocity 
Vr will be rised with increasing stiffness of the bridge and the multiplier k, 
Eq. (2), will vary as seen in Fig.'s 30-38, 


With pure torsional oscillations the formula (1) is reduced to 


*0,44 b (3) 


and the critical velocity will be 
ky Vr (4) 
However, when a pure torsional oscillation gives the lower value of V.. the 


wind tunnel tests will give this V, automatically, As the difference in Eq. (1) 


and (3) is insignificant in most cases all following definitions and tests will be 


common for coupled and pure torsional oscillations. 
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7.3. Coupled oscillations, Critical velocity. 


It is necessary to define what is meant by critical velocity for a bridge. 


There are three possible views: 


1, An oscillation which is seen and felt by the trafficants, but not being 
dangerous for the bridge. 

2. An oscillation which a well constructed bridge should stand for several 
hours without severe damages. 


3, An oscillation which in a short time should destroy the bridge. 


The start and building up of oscillations may also be an important point. 
There is always a possibility that a gust of short time duration will start an 
oscillation, and the further development depends then on the mean value of 


the wind velocity in the following 5 - 10 - 15 minutes, see Chapt. 8. 


4-002 ~005 

ay 
U9 
A= 0.0061 00085 

— 

+ 


% @sQOlrad Flutter velocity. 


Fig. 26. Examples of test results. 


With a background as described above the following definitions of critical 
velocity are made for coupled torsional - vertical oscillations or torsional 


oscillations: 


V, is the highest wind velocity where an initiated oscillation of t 0,ol 
rad (0, 935) will be stable or decrease. 


V2 is the wind velocity where an initiated oscillation of t 0,1 rad (5, °44) 


will be stable or decrease. 


V, is the velocity where an initiated oscillation of t 0,2 rad (11, 927) 


will be stable or decrease. 
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Fig. 27. Test results with two different mountings of model. 


In Fig.'s 26-27 are given the variation of V);; Vz ; V3 with the angle of attack 
and the factor d/b for some symmetrical +———+ sections. In Fig. 28 and 29 


are given the same for some of the f 1 and T T sections. 


If we demand that the oscillations should be built up by the steady wind we 
would get somewhat higher V; - V3 values. However, remembering the 


nature of the wind, the given definition was found to be better. 


V, - V3 are defined only by the rotation. The oscillations will be coupled 
or nearby torsional oscillations, and a definition by the angular rotation will 


give the most characteristic description of the oscillation. 
The results of the testing program are given in the diagrams Fig.'s 30-38. 


In Fig. 's 27-29 are demonstrated the effect of lateral wind, see Chapt. 4 and 
Chapt. 6,3. In most cases this effect of lateral wind gives a slight decrease 


in critical velocities, usually of magnitude 5 to 10 per cent, see Chapt. 6, 3. 


The main part of the tests were made with models having a mass ratio P 
see diagram Fig. 25, about 0,018. This value was chosen while a greater 


part of the Norwegian suspension bridges have this mass ratio. 


The distribution of the mass is given by the ratioV,see diagram Fig. 25. In 


the same manner this ratio was about 1,1 for the greater part of the tests. 
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Fig. 28, Test results with different mounting of model. 
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Fig. 32. 


However, tests with other values offs and V demonstrated that changes in 
these ratios mainly will affect the flutter velocity Vp as given in Fig. 25 or in 
the empirical formula (1), and in consequence a prediction of critical velocities 
for coupled or torsional oscillatior~ will be possible also for 4 and PV values 
different from 0,018 and 1,1. The diagrams Fig. 's 30-38 are not markedly 
affected by changes in “4 and #”) within the values which are likely to occure 

in normal suspension bridges, e.q. 0,01 < 0,04and0,75<V¥< 1,5. The 
effect will increase with increasing oscillations. The critical velocities V2 
and V, should in consequence be somewhat reduced for A>0, 025; V< 1,0. 
The reduction will seldom gain a value of 10%. 


A representation of more complete diagrams giving factors K as functions of 
the independent variable ~ and V will be beyond the need of the bridge builder, 


and remembering the difference in natural wind and the test wind,without sense. 
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7.4. Vertical oscillations, 


Compared with the coupled and torsional oscillations the vertical oscil- 
lations are of minor interest, They will only seldom be of a catastrophic 
nature, However, they are frequently observed on bridges, but have never 


been the main reason for a disaster, 


Similar to Eq. (1) we may write 
and we shall use this value as a reference value. 


The critical velocity will be 
Vet ky Wy t*ky b (6) 
To define the critical wind similar to the definitions in Chapt. 7.3 is possible. 


However, the critical amplitudes of the structure will be a function mainly of 


the span length. 


The tests are therefore not run with given defined amplitudes, but the ampli- 
tudes are represented as a function of the shape and the width of the bridge 
deck, See Fig. 's 39-44, 
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Fig. 39, 


In Fig. 's 39-41 are represented some of the test results for various cross- 

sections of the bridge. Most characteristic is the existense of intervals where 
the bridge will be stable and no oscillation can excist for a steady wind. How- 
ever, with increasing wind velocities the intervals where the bridge is unstable 


give increasing amplitudes. 
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Fig. 41. 
Fig. 39-41: Example of test with vertical oscillations, 


The lower unstable intervals are difficult to observe as the energy produced 


by the wind is insufficient to give rise to oscillations which can clearly be 
observed. 


As may readily be seen from the diagrams Fig. 's 42-44, all the tested cross- 
sections have an unstable area for 0,25< ky, < 0,45, the oscillations, how- 
ever, are small with amplitudes less than 0,01 b for normal bridges. This 


oscillations are frequently observed on suspension bridges and may in some 
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cases prove to be unpleasant for the traficants. However, such small 
oscillations are never dangerous to the structure and cannot be the cause 
for any disaster, 


Fig. 's 42-44 demonstrate, however, that a further increase of wind velocity 
may produce dangerous oscillations with increasing amplitudes. This will 
occure for suspension bridges, where d/b usually is small, when wind ve- 
locity corresponds to ky * 3,0 - 4,0. 


Compared with the wind velocity which produce coupled- or torsional oscil- 
lations we find, however, that the dangerous type of vertical oscillations 


usually demand a higher wind velocity, and in consequence is of minor interest. 


The smaller vertical oscillations produced at wind velocities corresponding 
to 0,25 < k, < 0,45 may, combined with wind gusts, give start to the tor- 
sional or coupled oscillations and represent a danger, especially when flutter 


oscillations and pure vertical oscillations can excist at nearby the same wind. 


Oscillation a. 


Fig. 42. 
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Some of the vertical oscillations in the area 0,25 < ky < 0,45 excist only 
when the model is started with a correct amplitude, the diagram will thus 


perhaps overestimate the chance of this type of oscillations. 


The vertical oscillations are dependent on the mass of the bridge e.q. the 


see Eq. (5). 


The greater part of the test was made with -* 0,018, see Chapt. 7.3, and 
the diagrams Fig. 's 42-44 give the results with this value, 


Tests with other mass ratios, e.q. other Povalues, demonstrated that the 
limits between stable conditions and small vibrations are not seriously affected 
by changes in 4 , and that the diagrams in Fig. 's 42-44 may be used for pre- 
dicting of velocities. However, the amplitude a will be affected, and an ap- 
proximate value may be given by 


The formula gives reasonable values for 0, 01 <f < 0, 04. 


Bridges having values > 0,03 may have small none catastrophic vi- 
brations for k values below the intervals given in the diagrams. Compare 


what is said about the lower unstable intervals. 


7.5. Effect of structural damping. 
The structural damping has a marked effect on frequencies and oscillations. 


All formulae deduced in Chapt, 2 and 3 are based on a structural damping or 
decrement §® Zero, 


The real bridge will have a damping as mentioned in Chapt, 6.1 and discussed 
in the literatur (2, 5, 13) 


The effect of the decrement & on the frequency may approximately be ex- 
pressed by the formula 
wh -6 (8) 


and corrected frequencies may be found by this formula, 


In all tests represented in the diagrams Fig. 's 30-38 and 42-44 the model has 
been mounted in steel springs and the decrement 5 has been about 4 = 0, 04- 
0,05, When the model has been oscillating with catastrophic movements the 
decrement has usually been somewhat increased due to secondary effects and 
vibrations in the mounting of the model. 


For most suspension bridges it seems to be safe to use the results obtained 
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with models having decrement values 5 0,04 - 0,05. However, when we 
have a bridge where the decrement will be f. inst. 5 = 0,10 - 0,15 the bridge 
will stand a much higher critical wind, 


The relations between amplitude, critical wind, and decrement are very com- 
plicated, A true picture may only be obtained by a close investigation on the 
actual bridge or on a model, Generally we will have that increasing decrement 
increases the velocity which is necessary to develop a given oscillation. 


Approximately we may introduce 


Vécr "Ve (9) 


(1 -3)2 
This formula gives reasonable values for v2 and V, for vertical or coupled 
oscillations, However, V, which defines the limit between stable conditions 
and very smail oscillations is connected with & ina more complicated manner. 
The value being generally increased, but a simple and safe rule will be to 
calculate with V,; values independent of the 5 value. 


‘The formulae (8) and (9) may be used for decrements 0 < & < 0,2. 


7.6. Concluding remarks. 
The use of sectional models introduces some important simplifications. 


Such a model will only be correct for bridges where the oscillation modes are 
identical for vertical and torsional oscillations. This will not take place in 
actual bridges. In his papers (3, 4] , Bleich investigated the effect of these 
simplifications and his results demonstrate that even a substantial difference 
in mode of oscillation has only minor effect on the calculated flutter velocity 
Vy. The sectional model gives the lesser value. The difference may for 
actual bridges be about 5 - 10 per cent, depending on the stiffness and mass 
distribution in the bridge, and to the safe side. 


As mentioned in Chapt. 6.2 - 3, the use of sectional models further have the 
effect that lateral wind forces are negiected. This effect may be corrected 

by a special mounting of the model, Chapt. 6.3. However, the diagrams given 
in Fig. 's 30-38 and 41-42 do not include this effect. The use of diagrams in 
consequence introduces a simplification, The effect of the lateral wind gives 
always a reduction of critical wind velocities. The tests made to investigate 
this effect conclude with a decrease of critical velocities of magnitude 5 - 10 
per cent for most bridges. Compare Fig. 's 27-29 where some test results are 
given. The effect is varying with amplitude and angle of wind attack. Of 
special importance is that the lateral wind forces always tend to change any 


, 


pure vertical oscillation into a coupled or torsional one, thus increasing the 

chance to get such oscillations in the system, 

For most bridges the two simplifications discussed above will counteract each 

other, and the usual procedure, to neglect both of them, seems to be justified, 
7.7. Numerical example, 


The use of diagrams will be briefly demonstrated by an example, Brevik bridge. 


The bridge has a stiffening truss with double lateral system, 3 spans, 2; = 85 m, 
I, = 272 m, etc. 


Vertical oscillations, Eq. (2.14) and (2. 26) give 


EI El 
14 m 
A, = 24,73; 0,461 
1 


Az = 4,70 


Symmetric oscillation, tower effect neglected, Eq. (2.27) 


2-1,47 4 4,70 4,70 
(aw 10,22 - 4,73) 0,064 - 0,461) - 81-0, 064 - 9-0, 461) 


@W=1,99 ; 


= 1,99 


Torsional oscillations. Eq. (3.8) gives 


EC 
215,5 ; = 0,103 
1 / 
(H + Ip)G) 
% 
b2 


An = 4,00 ; Arq2* e 


we 


Symmetric oscillation, tower effect neglected. Eq. (2. 27) 


2-4, 00 12,8 12,8 
(w2 15,5 128) 12,5) 81+0,103 - 912, 5) 


z1 
W: 4,96 We 11,0 


a, 2 
Flutter velocity. Fig. 25 or ay “Le 1) 
Ve 0,95 Pe 0, 0239 2,49. 


From Fig. 25 


K.*0,3 ; 1, 65 


Vv 
1, 65 a,« 3,28 


Wy b 3, 28-10, 3 


130 m/sec. 


The empirical Equation (7.1) gives 
Vp "0,44 b (ger?) 


0, 44+ 4, 96+ 10,3 - 0,161) 131 m/sec. 


Critical velocities in coupled oscillations: Diagrams Fig.'s 31-33, Eq. (7.2) 


0,4 
d/b io3 Ve Vp k 3 ° 4 
0° @.tso + 10° 
= 130+0,58 75 m/sec *0,30 = 39 m/sec 0,142 = 18 m/sec 
Vas 0,55271 0,37248 0,27 #35 " 
V3= 0,492 46 0,43 256 " 0,32 #42 " 


The amplitudes p will be increased by the factor 


0,018 
in radians 0,012 ; ; 
or = 0,69° P2 = 6,9° = 13,8° 


Critical velocities in vertical oscillations. Diagram Fig. 42, Eq.(7.6). Area 
for small oscillations 


Vo & ky 10,3°1,99+(0,25 - 0,41) = 5,6 -9 m/sec 


amplitude < 1,15 b& 0,12 m 


Increasing oscillations 
Ve b+ 1,99*3,7 76 m/sec (amplitude 0 m) 
Ve * b+ 1,99+4,0 82 m/sec (amplitude « 1,2 m) 


Amplitude will be increased by the factor: 1,15, and 82 m/sec 
corresponds to the amplitude a * 0,1*b+*1,15 1,2 m, 


As will be seen the bridge is reasonable stable against coupled oscillations, 
compare Chapt. 8, Small vertical oscillations will take place for winds between 
5 - 9 m/sec and the lowest mode of oscillation, For velocities of 9 - 14 m/sec 
such oscillations will take place in the second mode of oscillation W, « 3,12 
and on. 


Small verticai oscillations with amplitudes less than t 0,1 m will take place 
frequently on this bridge. The oscillations will be without any harmfull effect 
to the bridge and usually the amplitude will be only a fraction of t 0,1 m. 


This amplitudes will clearly be felt by pedestrians, but should not be alarming 
to them. 


Above is given the results for symmetrical oscillations, The antimetrical 
ones will have to be calculated in a similar manner. However, for this special 
bridge the symmetric oscillation will be the critical one, giving the lower 
values of wind velocity. 
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8, NATURAL WIND AND WIND FORCES, 


8.1, Nature of wind, 


Fig. 45. Variation of wind velocity and wind direction during 
a storm. 


The nature of the wind is little known, however, some investigations have 
been made [20, 2i) . 
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The wind velocity and the wind direction are varying, and the peaks in wind 
velocity, gusts, exjst usually only a few seconds. 


The turbulence of the wind is due to the roughness of the earth surface and 
the mixing of warm and cold air,’ This form of turbulence will be impossible 
to produce in a wind tunnel, The best verification of our theories and wind 
tunnel tests is the behaviour of the existing suspension bridges. 


In the opinion of the author the correlation between the bridges and the model 
tests is good, To the authors knowledge there has never been reported any 
trouble by bridges which should be safe predicted by model tests. In Fig. 45 
is represented the wind measuring during a small storm, in Bergen. The 
variation in wind velocities is substantial, however, the gusts are all of short 
time, some seconds to a few minutes. The variation in vertical direction is 
not measured, in horizontal direction the variation is frequently t 45° and any 
tale of a steady wind is impossible, 


8.2, Design wind velocity, 


The upper limit of wind velocity is non-existent. However, we pretty well 
know the chance for getting a given velocity. A reasonable criterion for the 
design should be the wind velocity reached once in a hundred year. Bridges 
and buildings have to stand this pressure even if the duration of it is just a 
few seconds. A wind velocity of 65 m/sec inclusive gust, as used for instance 


in Norway, isa reasonable velocity, perhaps on the conservative side. 


In the investigation of aerodynamic stability we have to remember that the 
time for starting and building up of a dangerous oscillation will be dependent 


on the size of the bridge. The time will be of magnitude 5 min - 10 min - 
15 min, 


Remembering this it seems to be reasonable to calculate with a mean wind 
velocity. For instance if the static wind incl. gust is represented by 65 m/sec, 
the bridge should be aerodynamically stable for a velocity of 50 m/sec, 
smaller bridges perhaps 55 m/sec. 


An average wind of 50 m/sec, lasting for several minutes and uniform over 
the entire span of the bridge will be somewhat more unique than the maximum 
design load on a bridge or a maximum wind gust on a building or a usual bridge 
with girder or truss spans, 


The location of the bridge is very important. Gust velocity of 65 m/sec or 


mean wind velocity 50 m/sec may occure on a bridge which stands high above 


age 
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sea or valley level and with few natural obstructions to decrease the wind, 
A bridge running just a few meters above sea or river level will never have 
winds of this magnitude, velocities of 30 m/sec, and 25 m/sec resp, seem 
to be sufficient for a bridge thus situated. 


A very mountanous terrain with narrow valleys may give a specially strong 
turbulence and high gust factors. Bridge oscillations started by the static 
deformation due to a wind gust blowing quer to the valley have been observed 
some times in Norway. However, these oscillations have died rapidly out as 
the wind, with the ever changing direction and velocity, is unable to support 
the oscillations, 
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SUMMARY. 


The aim of this paper is to give the bridge designer a tool for an investigation 
of the aerodynamic stability of suspension bridges. To facilitate the reading 
of the paper the presentation, when possible, follows the methods of statics 
and the deflection theory of suspension bridges. Methods which are familiar 
to the bridge designers. 


The first part of the paper deduce equations for vertical and torsional oscil- 

lations, and results in some very simple formulae for the calculation of natu- 
ral frequencies and modes of oscillation, see Chapt. 2 and 3, In these formu- 
laes are included the effect of inclination of the suspenders. As will be seen 
from Fig. 5 this effect is quite important for oscillations with 2 half waves in 


Investigation of warping resistance and torsional stiffness of bridges with 
lateral trusses at upper and lower chord of stiffening truss, results in formu- 
lae suitable for calculation of frequencies, see Chapt. 3. 


The second part of the paper gives the necessary equations for dimensioning 
of section models for wind tunnel tests. A brief reference is given of the 


flutter theory and the resulting critical wind velocity, see Fig. 25. 


A description of some model investigations on Norwegian suspension bridges 

is given. In connection with these tests a systematic model investigation of 
some typical bridge sections was made -, resulting in diagrams, Fig.'s 30-38, 
which give the critical velocity with good accuracy when the frequencies are 
known for coupled oscillations. 


Vertical oscillations may be investigated with use of the diagrams Fig. 's 42-44. 


As may be seen from the numerical example, Chapt. 7.7, small,harmless 
vertical oscillations will occure on suspension bridges. The importance of 
this type of oscillations is, however, usually overestimated, they will be felt 
only by the pedestriars, 


When the Tacoma Bridge disaster occured, the knowledge of these problems 
among bridge designers was almost Zero. The lessons of the many disasters 
in the last century had been forgotten. To-day the investigation of aerodynamic 
stability should be a selfevident part of the design of any suspension bridge. 

In the opinion of the author a sufficiently accurate value of the critical wind 
velocity for most bridges may be found with use of the diagrams presented 
here, 
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